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Abstract
Taking into account the Euler-Heisenberg effective Lagrangian of one-loop nonperturbative
quantum electrodynamics (QED) contributions, we formulate the Einstein-Euler-Heisenberg
theory and study the solutions of nonrotating black holes with electric and magnetic charges in
spherical geometry. In the limit of strong and weak electromagnetic fields of black holes, we
calculate the black hole horizon radius, area, and total energy up to the leading order of QED
corrections and discuss the black hole irreducible mass, entropy, and maximally extractable en-
ergy as well as the Christodoulou-Ruffini mass formula. We find that these black hole quantities
receive the QED corrections, in comparison with their counterparts in the Reissner-Nordstro¨m
solution. The QED corrections show the screening effect on black hole electric charges and the
paramagnetic effect on black hole magnetic charges. As a result, the black hole horizon area,
irreducible mass, and entropy increase; however, the black hole total energy and maximally
extractable energy decrease, compared with the Reissner-Nordstro¨m solution. In addition, we
show that the condition for extremely charged black holes is modified due to the QED correc-
tion.
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1 Introduction
For several decades the nonlinear electromagnetic generalization of the Reissner-Nordstro¨m
solution of the Einstein-Maxwell equations has attracted a great deal of attention. The most
popular example is the gravitating Born-Infeld (BI) theory [1]. The static charged black holes
in gravitating nonlinear electrodynamics were studied in the 1930s [2, 3]. The discovery that
the string theory, as well as the D-brane physics, leads to Abelian and non-Abelian BI-like La-
grangians in its low-energy limit (see, e.g., Refs. [4–6]), has renewed the interest in these kinds
of nonlinear actions. Asymptotically flat, static, spherically symmetric black hole solutions for
the Einstein-Born-Infeld theory were obtained in the literature [7, 8].
Generalization of the exact solutions of spherically symmetric Born-Infeld black holes with
a cosmological constant in arbitrary dimensions has been considered [9–11], as well as in other
gravitational backgrounds [12,13]. Many other models of nonlinear electrodynamics leading to
static and spherically symmetric structures have been considered in the last decades, such as the
theory with a nonlinear Lagrangian of a general function of the gauge invariants (Fµν Fµν and
Fµν ˜Fµν ) [14–17] or a logarithmic function of the Maxwell invariant (Fµν Fµν ) [18], and the the-
ory with a generalized nonlinear Lagrangian [19] which can lead to the BI Lagrangian and the
weak-field limit of the Euler-Heisenberg effective Lagrangian [20]. The static and spherically
symmetric black hole, whose gravity coupled to the nonlinear electrodynamics of the weak-
field limit of the Euler-Heisenberg effective Lagrangian as a low-energy limit of the Born-Infeld
theory, was studied in Ref. [21]. Some attempts in the obtention of regular (singularity-free)
static and spherically symmetric black hole solutions in gravitating nonlinear electrodynamics
have been made [22–26], and the unusual properties of these solutions have been discussed in
Refs. [27, 28]. Generalization of spherically symmetric black holes in higher dimension in the
theory with a nonlinear Lagrangian of a function of power of the Maxwell invariant has been
considered in the literature [29–32]. Finally, we mention that rotating black branes [33,34] and
rotating black strings [35] in the Einstein-Born-Infeld theory have been also considered.
The effective Lagrangian of nonlinear electromagnetic fields has been formulated for the
first time by Heisenberg and Euler using the Dirac electron-positron theory [20]. Schwinger
reformulated this nonperturbative one-loop effective Lagrangian within the quantum electro-
dynamics (QED) framework [36]. This effective Lagrangian characterizes the phenomenon
of vacuum polarization. Its imaginary part describes the probability of the vacuum decay
via the electron-positron pair production. If electric fields are stronger than the critical value
Ec = m2c3/eh¯, the energy of the vacuum can be lowered by spontaneously creating electron-
positron pairs [20, 36, 37]. For many decades, both theorists and experimentalists have been
interested in the aspects of the electron-positron pair production from the QED vacuum and the
vacuum polarization by an external electromagnetic field (see, e.g., Refs. [38, 39]).
As a fundamental theory, QED gives an elegant description of the electromagnetic inter-
action; moreover, it has been experimentally verified. Therefore, it is important to study the
QED effects in black hole physics. As a result of one-loop nonperturbative QED, the Euler-
Heisenberg effective Lagrangian deserves to attract more attention in the topic of generalized
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black hole solutions mentioned above. In this article, we adopt the contribution from the Euler-
Heisenberg effective Lagrangian to formulate the Einstein-Euler-Heisenberg theory, and study
the solutions of electrically and magnetically charged black holes in spherical geometry. We
calculate and discuss the QED corrections to the black hole horizon area, entropy, total energy,
and the maximally extractable energy.
The article is organized as follows. In Sec. 2, we first recall the Euler-Heisenberg effective
Lagrangian. We formulate the Einstein-Euler-Heisenberg theory in Sec. 3. The study of elec-
trically charged black holes in the weak electric field case is presented in Sec. 4. The study of
magnetically charged black holes in both weak and strong magnetic field cases is presented in
Sec. 5. Then we present the study of black holes with both electric and magnetic charges in
the Einstein-Euler-Heisenberg theory in Sec. 6. A summary is given in Sec. 7. The use of units
with h¯ = c = 1 is throughout the article.
2 The Euler-Heisenberg effective Lagrangian
The QED one-loop effective Lagrangian was obtained by Heisenberg and Euler [20] for constant
electromagnetic fields,
∆Leff =
1
2(2pi)2
∫
∞
0
ds
s3
[
e2εβ s2 coth(eεs)cot(eβ s)
−1− e
2
3 (ε
2−β 2)s2
]
e−is(m
2
e−iη), (1)
as a function of two invariants: the scalar S and the pseudoscalar P,
S ≡ −1
4
FµνF µν =
1
2
(E2−B2)≡ ε2−β 2,
P ≡ −1
4
Fµν ˜F µν = E ·B≡ εβ , (2)
where the field strength is Fµν , ˜F µν ≡ εµνλκ Fλκ/2, and
ε =
√
(S2+P2)1/2 +S, (3)
β =
√
(S2+P2)1/2−S. (4)
The effective Lagrangian reads
Leff = LM +∆Leff, (5)
where LM = S is the Maxwell Lagrangian. Its imaginary part is related to the decay rate of the
vacuum per unit volume [20, 36],
Γ
V
=
αε2
pi2 ∑
n=1
1
n2
npiβ/ε
tanhnpiβ/ε exp
(
−npiEc
ε
)
(6)
3
for fermionic fields, and
Γ
V
=
αε2
2pi2 ∑
n=1
(−1)n
n2
npiβ/ε
sinhnpiβ/ε exp
(
−npiEc
ε
)
(7)
for bosonic fields; here, Ec = m
2
ec
3
eh¯ is the critical field. Using the expressions [40]
eεscoth(eεs) =
∞
∑
n=−∞
s2
(s2 + τ2n )
, τn ≡ npi/eε, (8)
eβ scot(eβ s) =
∞
∑
m=−∞
s2
(s2− τ2m)
, τm ≡ mpi/eβ , (9)
one obtains the real part of the Euler-Heisenberg effective Lagrangian (1) (see Refs. [38, 41–
45]),
(∆L coseff )P =
1
2(2pi)2
∞
∑
n,m=−∞
1
τ2m+ τ
2
n
[
¯δm0J(iτmm2e)− ¯δn0J(τnm2e)
]
(10)
= − 1
(2pi)2
[
∞
∑
n=1
eβ
τn
coth(eβτn)J(τnm2e)−
∞
∑
m=1
eε
τm
coth(eετm)J(iτmm2e)
]
.(11)
The symbol ¯δi j ≡ 1− δi j denotes the complimentary Kronecker δ , which vanishes for i = j,
and
J(z)≡P
∫
∞
0
ds se
−s
s2− z2 =−
1
2
[
e−zEi(z)+ ezEi(−z)
]
. (12)
Here, P indicates the principle value integral, and Ei(z) is the exponential-integral function,
Ei(z)≡P
∫ z
−∞
dt e
t
t
= log(−z)+
∞
∑
k=1
zk
kk! . (13)
Using the series and asymptotic representation of the exponential-integral function Ei(z) for
large z corresponding to weak electromagnetic fields (ε/Ec ≪ 1, β/Ec ≪ 1),
J(z) =− 1
z2
− 6
z4
− 120
z6
− 5040
z8
− 362880
z10
+ · · ·, (14)
the weak-field expansion of Eq. (10) is
(∆Leff)P =
2α2
45m4e
{
4S2 +7P2
}
+
64piα3
315m8e
{
16S3 +26SP2
}
+ · · ·, (15)
which is expressed in terms of a powers series of weak electromagnetic fields up to O(α3), the
first term was obtained by Heisenberg and Euler in their original article [20].
On the other hand, using the series and asymptotic representation of the exponential-integral
function Ei(z) for small z≪ 1 [40] corresponding to strong electromagnetic fields (ε/Ec ≫ 1,
β/Ec ≫ 1),
J(z) =−1
2
[
ez ln(z)+ e−z ln(−z)
]
− 1
2
γ
[
ez + e−z
]
+O(z), (16)
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the leading terms in the strong-field expansion of Eqs. (10) and (11) are given by (see Refs. [38,
41, 45, 46])
(∆L coseff )P =
1
2(2pi)2
∞
∑
n,m=−∞
1
τ2m + τ
2
n
[
¯δn0 ln(τnm2e)− ¯δm0 ln(τmm2e)
]
+ · · · (17)
=
1
2(2pi)2
[
∞
∑
n=1
eβ
τn
coth(eβτn) ln(τnm2e)−
∞
∑
m=1
eε
τm
coth(eετm) ln(τmm2e)
]
+ · · ·. (18)
In the case of vanishing magnetic field B= 0 and a strong electric field E≫Ec using limz→∞ J(iz)=
0 and limz→0 zcoth(az) = 1/a, Eq. (18) becomes (see Refs. [38, 41, 45])
(∆L coseff )P =
e2E2
4pi4
∞
∑
n=1
1
n2
[
ln
(
npiEc
E
)
+ γ
]
+ · · · (19)
=
e2E2
24pi2
[
ln
(
piEc
E
)
+ γ
]
− e
2E2
4pi4
ζ ′(2)+ · · ·, (20)
with the Euler-Mascheroni constant γ = 0.577216, the Riemann zeta function ζ (k) = ∑n 1/nk,
and
ζ ′(2) = pi
2
6 [γ + ln(2pi)−12lnA]≃−0.937548, (21)
with A = 1.28243 being the Glaisher constant. Similarly, in the case of vanishing electric field
E = 0 and a strong magnetic field B≫ Ec, Eq. (18) becomes (see Refs. [38, 41, 45])
(∆L coseff )P = −
e2B2
4pi4
∞
∑
m=1
1
n2
[
ln
(
npiEc
B
)
+ γ
]
+ · · · (22)
= − e
2B2
24pi2
[
ln
(
piEc
B
)
+ γ
]
+
e2B2
4pi4
ζ ′(2)+ · · ·. (23)
The (n = 1) term in Eq. (22) is the one obtained by Weisskopf [47].
3 The Einstein-Euler-Heisenberg theory
Since the real part of the Euler-Heisenberg effective Lagrangian (∆L coseff )P of Eq. (10) is ex-
pressed in terms of Lorentz invariants (ε,β ) or (S,P), the Euler-Heisenberg effective action in
the curve space-time described by metric gµν can be written as
SEH =
∫
d4x
√−gLEH, LEH = [S+(∆L coseff )P ] . (24)
The Einstein and Euler-Heisenberg action is then given by
SEEH =− 116piG
∫
d4x
√−gR+SEH, (25)
where R is the Ricci scalar.
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The Einstein field equations are
Gµν ≡ Rµν − 1
2
gµνR = 8piGT µν , (26)
where the energy-momentum tensor is
T µν =
2√−g
δSEH
δgµν
. (27)
The electromagnetic field equations and Bianchi identities are given by
DµPνµ = jν , Dµ ˜Fµν = 0, (28)
and the displacement fields Pνµ ,Di = P0i, and H i =−ε i jkPjk are defined as
Pµν =
δLEH
δFµν
, Di =
δLEH
δEi
, H i =−δLEHδBi . (29)
Here, electromagnetic fields are treated as smooth varying fields over all space generated by
external charge currents jµ at infinity.
Using functional derivatives, we obtain
T µν = −gµν [S+(∆L coseff )P ]+2
[ δS
δgµν
δLEH
δS +
δP
δgµν
δLEH
δP
]
,
= −gµν [S+(∆L coseff )P ]+2
[
(1+AS)
δS
δgµν
+AP
δP
δgµν
]
, (30)
where two invariants are defined as
AS ≡
δ (∆L coseff )P
δS ; AP ≡
δ (∆L coseff )P
δP . (31)
It is straightforward to obtain
δS
δgµν
=
1
2
Fµλ F
λν ,
δP
δgµν
= Fµλ ˜F
λν = gµνP, (32)
and as a result, we rewrite Eq. (30) as
T µν = T µνM +g
µν [APP− (∆L coseff )P ]+ASFµλ Fλν ,
= T µνM (1+AS)+g
µν [ASS+APP− (∆L coseff )P ] , (33)
where T µνM =−gµνS+F µλ Fλν is the energy-momentum tensor of the electromagnetic fields of
the linear Maxwell theory. Equation (33) is in fact a general result, independent of the explicit
form of nonlinear Lagrangian (∆L coseff )P . Equations (24)-(33) in principle give a complete
set of equations for Einstein and Euler-Heisenberg effective theory, together with total charge
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(Q), angular-momentum (L), and energy (M) conservations. In this article, adopting the Euler-
Heisenberg effective Lagrangian (10), we explicitly calculate invariants AS and AP of Eq. (31)
as well as the energy-momentum T µν of Eq. (33) in the following cases.
It is necessary to point out that in present article, we do not consider the couplings between
photons and gravitons that are also induced by QED vacuum polarization effects at the level
of one-fermion loop. Drummond and Hathrell obtained the photon effective action from the
lowest term of one-loop vacuum polarization on a general curved background manifold; i.e., a
graviton couples to two on-mass-shell photons through a fermionic loop [48],
SDH = − α720pim2e
∫
d4x
√−g(5RFµνF µν −26RµνFµσ Fνσ
+2RµνστF µνFστ +24DµFµνDσ Fσν
)
. (34)
Further studies of one-loop effective action (34) were made based on the approach of the heat-
kernel or “inverse mass” expansion [49, 50], the approach of the so-called “derivative expan-
sion” [51, 52], and the consideration of the one-loop one particle irreducible of one graviton
interacting with any number of photons [53]. This effective action (34) was used to study the
modified photon dispersion relation by a generic gravitational background [48] and the possible
consequences [54–57].
At the level of one-loop quantum corrections of the QED theory in the presence of gravita-
tional field, the effective Lagrangian (34) should be considered as an addition to the Euler and
Heisenberg effective Lagrangian (15) in the weak-field limit. In this article, we try to quantita-
tively study the QED corrections in spherically symmetric black holes with mass M and charge
Q. In this case, the corrections from the Euler and Heisenberg effective Lagrangian (15) must
be much larger than the one from the effective Lagrangian (34). Studying the discussion and
result of Ref. [48] for spherical symmetric black holes, we approximately estimate the ratio of
Eqs. (15) and (34) around the horizon of black holes with mass M and charge Q. As a result,
this ratio is ∼ 10−2
(
Q
M
√
G
)2
α
Gm2e
≫ 1. It is not surprising that the electromagnetic coupling
e∼ 1/√137 is much larger than the effective gravitational counterpart Gm2e ∼ 10−45. Besides,
it is expected that calculations involving both the Euler-Heisenberg effective Lagrangian (15)
and Eq. (34) are much more complex and tedious. Nevertheless, it is interesting to investigate
the effect of the photon-graviton amplitudes on black hole physics. In this article, for the sake
of simplicity, we first consider only the Einstein-Euler-Heisenberg action (25) as a leading con-
tribution in order to gain some physical insight into the QED corrections in black hole physics.
3.1 B = 0,E 6= 0 or E = 0,B 6= 0
We consider the case of B = 0 and E 6= 0, namely, β = P = 0, ε = E = |E|, and S = E2/2.
AP = 0 and the effective Lagrangian Eq. (10) becomes
(∆L coseff )P =−
e2E2
4pi4
∞
∑
n=1
1
n2
J(npiEc/E). (35)
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Using
P
∫
∞
0
ds e
−s
(s2− z2) =−
1
2z
[
e−zEi(z)− ezEi(−z)
]
, (36)
we calculate
dJ(z)
dz2 = P
∫
∞
0
ds se
−s
(s2− z2)2 =
1
2z2
−P
∫
∞
0
ds e
−s
(s2− z2) (37)
and obtain
AS = − e
2
2pi4
∞
∑
n=1
1
n2
J(npiEc/E)
− e
2
4pi2
ζ (2)+ e
2
4pi
Ec
E
∞
∑
n=1
1
n
˜J(npiEc/E), (38)
where
˜J(z) = e−zEi(z)− ezEi(−z). (39)
Substituting these quantities into Eq. (33), we obtain the expression of the energy-momentum
tensor T µν(ε). In the case of E = 0 and B 6= 0, the energy-momentum tensor T µν(β ) can
be straightforwardly obtained from T µν(ε) by the discrete duality transformation ε → iβ , i.e.,
|E| → i|B|. In principle, using the complete Euler-Heisenberg effective Lagrangian (∆L coseff )P
(10) for arbitrary electromagnetic fields E and B, one can obtain the energy-momentum tensor
T µν(ε,β ) of Eq. (33). For the reason of practical calculations, we consider the cases of weak
and strong fields.
3.2 Weak- and strong-field cases
In the weak-field case, using Eq. (15) and calculating Eqs. (30)-(33), we obtain
AS =
2α2
45m4e
(8S)+ 64piα
3
315m8e
(48S2+26P2)+ · · ·,
AP =
2α2
45m4e
(14P)+ 64piα
3
315m8e
(52SP)+ · · ·, (40)
and
T µν = T µνM
[
1+8
(
2α2
45m4e
)
S
]
+gµν
(
2α2
45m4e
)[
4S2+7P2
]
+ · · ·, (41)
up to the leading order.
In strong-field case ε/Ec ≫ 1 and β/Ec ≫ 1 using Eq. (17) and calculating Eqs. (30)-(33),
we obtain
AS =
1
2(2pi)2
2
ε2 +β 2
∞
∑
n,m=−∞
1
(τ2m+ τ
2
n )
2
{
¯δn0
[
(τ2n − τ2m) ln(τnm2e)−
1
2
(τ2m + τ
2
n )
]
− ¯δm0
[
(τ2n − τ2m) ln(τmm2e)+
1
2
(τ2m+ τ
2
n )
]}
+ · · · (42)
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and
AP =
1
2(2pi)2
2εβ
ε2 +β 2
∞
∑
n,m=−∞
1
(τ2m+ τ
2
n )
2
{
¯δn0
[(τ2n
ε2
+
τ2m
β 2
)
ln(τnm2e)−
1
2
(τ2m+ τ
2
n )
ε2
]
− ¯δm0
[(τ2n
ε2
+
τ2m
β 2
)
ln(τmm2e)−
1
2
(τ2m+ τ
2
n )
β 2
]}
+ · · ·. (43)
From Eq. (20) for B = 0 and a strong electric field, we obtain
AS =
e2
24pi2
[
2ln
(
piEc
E
)
+2γ−1
]
− e
2
2pi4
ζ ′(2)+ · · ·, (44)
and the energy-momentum tensor T µν of Eq. (33),
T µν = T µνM
{
1+
e2
24pi2
[
2ln
(
piEc
E
)
+2γ−1
]
− e
2
2pi4
ζ ′(2)
}
−gµν e
2E2
48pi2 + · · · . (45)
Analogously, from Eq. (23) for E = 0 and a strong magnetic field, we obtain
AS =
e2
24pi2
[
2ln
(
piEc
B
)
+2γ−1
]
− e
2
2pi4
ζ ′(2)+ · · ·, (46)
and the energy-momentum tensor
T µν = T µνM
{
1+ e
2
24pi2
[
2ln
(
piEc
B
)
+2γ−1
]
− e
2
2pi4
ζ ′(2)
}
+gµν
e2B2
48pi2
+ · · · . (47)
In the following sections, using the energy-momentum tensors T µν of Eqs. (41), (45), and (47),
we try to study the solutions of the Einstein-Euler-Heisenberg theory for nonrotating (spheri-
cally symmetric), electrically or magnetically charged black holes.
4 Electrically charged black holes
In this section, we study a nonrotating (spherically symmetric) electrically charged black hole.
In this spherical symmetry case, the gauge potential is
Aµ(x) = [A0(r),0,0,0], (48)
corresponding to the electric field E(r) =−A′0(r) =−∂A0(r)/∂ r in the radial direction, and the
metric field is assumed to be
ds2 = f (r)dt2− f (r)−1dr2− r2dΩ; f (r)≡ 1−2Gm(r)/r. (49)
The metric function f (r) and the electric field E(r) fulfill the Einstein equations (26) and elec-
tromagnetic field equations (28) and their asymptotically flat solutions at r≫ 1,
A0(r)→− Q4pir , E(r)→
Q
4pir2
,
Gm(r)
r
→ GM
r
(50)
9
satisfy the Gauss law, where Q and M are the black hole electric charge and mass seen at infinity.
In order to find the solution near to the horizon of the black hole by taking into account the
QED effects, we approximately adopt the Euler-Heisenberg effective Lagrangian for constant
fields that leads to the energy-momentum tensor (41) or (45) for B = 0. This approximation is
based on the assumption that the macroscopic electric field E(r) is approximated as a constant
field E over the microscopic scale of the electron Compton lengths. When the electric field
of charged black holes are overcritical, electron-positron pair productions take place and the
electric field is screened down to its critical value Ec (see Refs. [58–61]). In this article, we study
the QED effects on electrically charged black holes with spherical symmetry, whose electric
field is much smaller than the critical field Ec. In this weak electric field case using Eq. (41) we
obtain the energy-momentum tensor
T µν = T µνM
(
1+
2αE2
45piE2c
)
+gµν
αE4
90piE2c
+ · · · . (51)
As a result, the (0-0) component of Einstein equations is
2m′(r)
r2
= 4pi
[
E2(r)+
α
15pi E
4(r)/E2c
]
, (52)
which relates to the energy conservation. Analogously, using Eqs. (28) and (29) and the metric
of Eq. (49), we obtain the field equation up to the leading order,
2α
45pi E
3(r)/E2c +E(r) =
Q
4pir2
, (53)
which is the zero component of DµPνµ = jν of Eq. (28) in the spherical symmetry case. This
equation relates to the total charge conservation.
A similar case was studied in Ref. [21], in which, however, the effective Lagrangian [the first
term in Eq. (15)] was considered as a low-energy limit of the Born-Infeld theory; the coefficients
of the S2 and P2 terms in Eq. (15) are treated as free parameters, so as to either numerically or
analytically study the properties of spherically symmetric black hole solutions in the Einstein-
Euler-Heisenberg system. In the following, in order to analytically study the QED effects on the
black hole solution, we use the Euler-Heisenberg effective Lagrangian (15) and find the black
hole solution by a series expansion in powers of α . Introducing E(r)≡ E(r)/Ec, up to the first
order of α , the solution to Eq. (53) is approximately given by
E(r) = EQ
(
1− 2α
45pi E
2
Q+ · · ·
)
, (54)
where EQ ≡ EQ(r) ≡ Q/(4pir2Ec). We find that the electric field E(r) is smaller than Q/4pir2,
due to the charge screening effect of the vacuum polarization. Substituting this solution (54)
into the Einstein equation (52), we obtain the integration
m(r) = M−
∫
∞
r
4pir2dr1
2
[
E2(r)+
α
15pi E
4(r)/E2c
]
. (55)
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This equation clearly shows that the energy-mass function m(r) of Eq. (49) is the total grav-
itational mass M (attractive) “screened down” by the electromagnetic energy (repulsive). In
the Maxwell theory (∆L coseff )P = 0 and E(r) = Q/(4pir2), we obtain the Reissner-Nordstro¨m
solution m(r) = M−Q2/8pir. In the Euler-Heisenberg system, it is not proper to make the inte-
gration in Eq. (55), since the integrand comes from the Euler-Heisenberg effective Lagrangian,
which is valid only for constant fields. In order to gain some physical insight into the energy-
mass function (55), we integrate Eq. (55) to the leading order of α ,
m(r)≈M− Q
2
8pir
[
1− α
225pi
1
(4pi)2
Q2
r4
1
E2c
]
= M− Q
2
8pir
[
1− α
225pi E
2
Q
]
, (56)
which shows the QED correction to the Reissner-Nordstro¨m solution. Due to the QED vacuum
polarization effect, the black hole charge Q is screened
Q→Q
[
1− α
225pi E
2
Q
]1/2
. (57)
As a consequence, the electrostatic energy of Eq. (56) is smaller than Q2/(8pir) in the Reissner-
Nordstro¨m solution.
Moreover, we study the QED correction to the black hole horizon. For this purpose, we
define the horizon radius rH at which the function f (r) of Eq. (49) vanishes, i.e., f (rH ) = 0,
leading to
Gm(rH)
rH
=
1
2
. (58)
Using the energy-mass function m(r) of Eq. (56), we obtain
GM
rH
− GQ
2
8pir2H
[
1− α
225pi E
2
Qh
]
=
1
2
, (59)
where EQh ≡ EQ(rH ). Up to the leading order of α , we obtain
rH+ = GM+
√
G2M2− GQ
2
4pi
[
1− α
225pi E
2
Q+
]
, (60)
rH− = GM−
√
G2M2− GQ
2
4pi
[
1− α
225pi E
2
Q−
]
, (61)
where EQ+ ≡ EQ(rH+) and EQ− ≡ EQ(rH−). Equation (60) shows that the black hole horizon
radius rH+ becomes larger than the Reissner-Nordstro¨m one r+ given by Eq. (60) for setting
α = 0. The black hole horizon area 4pir2H+ becomes larger than the Reissner-Nordstro¨m one
4pir2+ given by Eq. (60) for setting α = 0. This is again due to the black hole charge Q screened
by the QED vacuum polarization (57).
In the Reissner-Nordstro¨m solution, the extreme black hole solution is given by r+ = r− or
4piGM2 = Q2. In our case, this is given by rH+ = rH− = rH yielding
G2M2− GQ
2
4pi
[
1− α
225pi E
2
Qh
]
= 0. (62)
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From Eqs. (60) and (61), we obtain
4pir2H = 4piG
2M2 = GQ2
[
1− α
225pi E
2
Qh
]
= GQ2
[
1− α
225pi
1
G2Q2E2c
]
, (63)
rH± ≈ Q
[
1− α
225pi E
2
Qh
]1/2
= Q
[
1− α
225pi
1
(EcQ)2
]1/2
. (64)
In Eq. (64) we adopt G/4pi = 1. Due to the QED correction, the condition of extremely electri-
cally charged black holes with spherical symmetry changes from M = Q/4pi to
M =
Q
4pi
[
1− α
225pi
1
(EcQ)2
]1/2
. (65)
This implies that for a given M, the black holes are allowed to carry more charge Q than the
Reissner-Nordstro¨m case. These results show that when the black hole mass M is fixed, the
horizon area and radius of the extremely electrically charged black hole are the same as the
extreme Reissner-Nordstro¨m one. However, when the black hole charge Q is fixed, the black
hole horizon area and radius are smaller than those of the extreme Reissner-Nordstro¨m black
hole. The reason is that the charge screening effect decreases the electrostatic energy; hence,
this leads to a smaller mass M for the extreme black hole.
Now we turn to the maximal energy extractable from a black hole. As pointed out in
Ref. [62], the surface area Sa of the black hole horizon is related to the irreducible mass Mir
of the black hole
Sa = 16piG2M2ir = 4pir2H+, (66)
where rH+ is given by Eq. (60). The surface area of the black hole horizon cannot be decreased
by classical processes [62–64]. Any transformation of the black hole which leaves fixed the irre-
ducible mass is called reversible [62,63]. Any transformation of the black hole which increases
its irreducible mass, for instance, the capture of a particle with nonzero radial momentum at
the horizon, is called irreversible. In irreversible transformations there is always some kinetic
energy that is irretrievably lost behind the horizon. Note that transformations which arbitrar-
ily close to reversible ones are the most efficient transformations for extracting energy from
a black hole [62, 63]. Following the same argument presented in Ref. [62], and including the
leading-order QED correction (56), we obtain the Christodoulou-Ruffini mass formula
M = Mir +
Q2
16piGMir
[
1− α
225pi E
2
Q+
]
, (67)
where the electrostatic energy of the black hole is reduced for the reason that the black hole
charge is screened down by the QED vacuum polarization effect (57).
The properties of the surface area Sa of the black hole horizon and irreducible mass Mir can
also been understood from the concepts of information theory [65]. The black hole entropy Sen
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is introduced as the measure of information about a black hole interior which is inaccessible to
an exterior observer and is proportional to the surface area Sa of the black hole horizon [65]
Sen = Sa/4 = pir2H+. (68)
The physical content of the concept of the black hole entropy derives from the generalized
second law of thermodynamics: when common entropy in the black hole exterior plus the black
hole entropy never decreases [65]. In the Einstein-Euler-Heisenberg theory, the black hole
irreducible mass of Eq. (66) and entropy of Eq. (68) with the QED correction are determined by
the horizon radius rH+ of Eq. (60) for charged black holes and Eq. (63) for extreme black holes.
Now we consider the physical interpretation of the electromagnetic term in Eq. (67). This
term represents the maximal energy extractable from a black hole, which can be obtained by
evaluating the conserved Killing integral [38, 66]∫
Σ+t
ξ µ+TµνdΣν = 4pi
∫
∞
rH+
r2T 00 dr, (69)
where Σ+t is the spacelike hypersurface in the space-time region that is outside the horizon
r > rH+ described by the equation t = constant, with dΣν as its surface element vector. ξ µ+
is the static Killing vector field. This electromagnetic term in Eq. (67) is the total energy of
the electromagnetic field and includes its own gravitational binding energy. Using the energy-
momentum tensor of Eq. (51) and weak-field solution (54), we obtain the maximal energy
extractable from an electrically charged black hole
εex =
Q2
8pirH+
[
1− α
225pi E
2
Q+
]
. (70)
This shows that the black hole maximal extractable energy decreases in comparison with the
Reissner-Nordstro¨m case (Q2/8pir+). This can be explained by the following: (i) the charge
screening effect decreases the electrostatic energy; (ii) the black hole horizon radius rH+ of
Eq. (60) increases, leading to the decrease of the maximally extractable energy, because the
most efficient transformations that extract energy from a black hole occur near the horizon. For
the extremely electrically charged black hole, the maximally extractable energy is the same as
that in the Reissner-Nordstro¨m case, when the black hole mass M is fixed; however, it becomes
smaller than the Reissner-Nordstro¨m one when the black hole electric charge Q is fixed.
5 Magnetically charged black holes
Now we turn to study the Einstein-Euler-Heisenberg theory (41) and (47) in the presence of the
magnetic field B. As shown by Eq. (6), the magnetic field B does not contribute to the pair-
production rate so that the process of the electron-positron pair production does not occur for a
strong magnetic field B. For this reason, we consider black holes with strong magnetic fields.
The conventional black hole with electric and magnetic fields is the rotating charged black hole
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of the Kerr-Newman black hole [67]. However, the solution to a rotating charged black hole
in the Einstein-Euler-Heisenberg theory is rather complicated, and we do not consider it in this
work. For the sake of simplicity, we study the nonrotating magnetically charged black hole with
spherical symmetry in order to investigate the QED corrections in the presence of the magnetic
field B in the Einstein-Euler-Heisenberg theory.
For a nonrotating magnetically charged black hole with magnetic charge Qm, the tensor Fµν
compatible with spherical symmetry can involve only a radial magnetic field F23 =−F32. In the
Einstein-Maxwell theory, the field equations (28) give (see, e.g., Refs. [68, 69])
F23 =
Qm sinθ
4pi
, (71)
and the gauge potential will be (see, e.g., Refs. [68])
Aµ(x) = [0,0,0,Qm(1− cosθ)/4pi ]. (72)
The metric is similar to the one of nonrotating electrically charged black holes,
ds2 = f (r)dt2− f (r)−1dr2− r2dΩ, f (r)≡ 1−2Gm(r)/r, (73)
where m(r) is the mass-energy function. In the Einstein-Maxwell theory, the metric func-
tion f (r) of magnetically charged black holes with spherical symmetry is given by (see, e.g.,
Refs. [68])
f (r) = 1− 2GM
r
+
GQ2m
4pir2
, (74)
where M is the black hole mass seen at infinity.
5.1 Weak magnetic field case
Using Eq. (41), we obtain the energy-momentum tensor for the weak magnetic field B case,
T µν = T µνM
(
1− 2αB
2
45piE2c
)
+gµν
αB4
90piE2c
+ · · · . (75)
Similar to the analysis of electrically charged black holes with spherical symmetry, we obtain
the (0-0) component of Einstein equations,
2m′(r)
r2
= 4pi
[
B2(r)− α
45pi B
4(r)/E2c
]
. (76)
For the magnetically charged black hole with spherical symmetry, only a radial magnetic field is
present. The field equations (28) give B(r) = Qm/(4pir2) (see, e.g., Refs. [21,28]). Substituting
B(r) into the Einstein equation (76), we obtain the mass-energy function
m(r) = M−
∫
∞
r
4pir2dr1
2
[
B2(r)− α
45pi B
4(r)/E2c
]
. (77)
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Neglecting the QED correction of the Euler-Heisenberg effective Lagrangian, Eq. (77) gives
m(r) = M−Q2m/8pir, which is the solution of the magnetically charged Reissner-Nordstro¨m
black hole in the Einstein-Maxwell theory. Making the integration in Eq. (77), one obtains [21]
m(r) = M− Q
2
m
8pir
[
1− α
225pi
1
(4pi)2
Q2m
r4
1
E2c
]
= M− Q
2
m
8pir
[
1− α
225pi B
2
Q
]
, (78)
where BQ≡BQ(r)≡Qm/(4pir2Ec). As shown in Eq. (78), taking into account the QED vacuum
polarization effect, the total magnetostatic energy is smaller than Q2m/8pir in the magnetically
charged Reissner-Nordstro¨m case. This can be understood as follows. In the magnetic field
B of the black holes, the vacuum polarization effect results in a positive magnetic polarization
M. Then the magnetic H field defined B = H+M is smaller than the magnetic field B. The
magnetostatic energy density εEM ∝ B ·H decreases. This shows that in weak magnetic fields,
the vacuum polarization effect exhibits the paramagnetic property.
Compared to the result of the electrically charged black hole in the first order of α , Eqs. (56)
and (78) have the same expression. One can obtain Eq. (78) by simply replacing EQ in Eq. (56)
by BQ, namely, replacing Q by Qm because of the duality symmetry (see, e.g., Ref. [68]).
Similar to the analysis of electric charged black holes, we obtain the horizon radii rH+ and rH−
of the magnetically charged black hole, up to the leading order of α ,
rH+ = GM+
√
G2M2− GQ
2
m
4pi
[
1− α
225pi B
2
Q+
]
, (79)
rH− = GM−
√
G2M2− GQ
2
m
4pi
[
1− α
225pi B
2
Q−
]
, (80)
where BQ+ ≡ BQ(rH+) and BQ− ≡ BQ(rH−). The result (79) shows that the black hole hori-
zon radius rH+ increases in comparison with the magnetically charged Reissner-Nordstro¨m one
r+. This is again due to the paramagnetic effect of the vacuum polarization that decreases the
magnetostatic energy of the black hole.
Now we turn to the extreme black hole (rH+ = rH− = rH ). Similarly, we have
G2M2− GQ
2
m
4pi
[
1− α
225pi B
2
Qh
]
= 0, (81)
where BQh ≡ BQ(rH ), and we obtain the black hole horizon area and radius
4pir2H = 4piG
2M2 = GQ2m
[
1− α
225pi B
2
Qh
]
= GQ2m
[
1− α
225pi
1
G2Q2mE2c
]
, (82)
rH ≈ Qm
[
1− α
225pi B
2
Qh
]1/2
= Qm
[
1− α
225pi
1
(EcQm)2
]1/2
. (83)
In the second line, we adopt G/4pi = 1. The QED correction changes the condition of extremely
magnetically charged black holes with spherical symmetry from M = Qm/4pi to
M =
Qm
4pi
[
1− α
225pi
1
(EcQm)2
]1/2
. (84)
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The properties of the horizon area and radius of the extremely magnetically charged black hole
are the same as their counterparts in the extremely electrically charged black hole, given by the
duality transformation Q↔ Qm.
Following the same argument presented in Ref. [62], we obtain the Christodoulou-Ruffini
mass formula
M = Mir +
Q2m
16piGMir
[
1− α
225pi B
2
Q+
]
(85)
for magnetically charged black holes with spherical symmetry in the Einstein-Euler-Heisenberg
theory. One is able to obtain the irreducible mass Mir by substituting Eq. (79) into Eq. (66), and
the black hole entropy Sen by substituting Eq. (79) into Eq. (68). The irreducible mass Mir
and the black hole entropy Sen in terms of black hole horizon radius rH+ Eq. (79) have the
same paramagnetic property in the presence of the QED vacuum polarization effect, as already
discussed.
As shown in Eq. (85), the maximal energy extractable from a magnetically charged black
hole is
εex =
Q2m
8pirH+
[
1− α
225pi B
2
Q+
]
, (86)
where rH+ is given by Eq. (79). The result shows that the maximal energy extractable from
a magnetically charged black hole is smaller than Q
2
m
8pir+ of the magnetically charged Reissner-
Nordstro¨m black hole. The reasons are the following: (i) the vacuum polarization effect de-
creases the magnetostatic energy; (ii) the black hole horizon radius rH+ of Eq. (79) increases,
therefore the maximally extractable energy decreases. The maximal energy extractable from an
extremely magnetically charged black hole is the same as that from an extremely magnetically
charged Reissner-Nordstro¨m black hole when the black hole mass M is fixed, while it decreases
when the black hole magnetic charge Qm is fixed, as we have already discussed at the end of
Sec. 4 for the case of the extremely electrically charged black hole.
5.2 Strong magnetic field case
In this section, we study the magnetically charged black holes with a strong magnetic field B(r).
From Eq. (47), we obtain the energy-momentum tensor of the magnetically charged black hole
with spherical symmetry in the strong magnetic field case. Analogous to the weak magnetic
field case of magnetically charged black holes with spherical symmetry, we obtain the (0-0)
component of Einstein equations
2m′(r)
4pir2
= 4pi
{
B2(r)+
e2B2
12pi2
[
ln
(
piEc
B
)
+ γ− 6
pi2
ζ ′(2)
]}
, (87)
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and the field equations (28) give B(r) = Qm/(4pir2). Substituting this magnetic field B(r) into
the Einstein equation (87), we obtain
m(r) ≈ M−
∫
∞
r
4pir2dr1
2
{
B2 +
e2B2
12pi2
[
ln
(
piEc
B
)
+ γ− 6
pi2
ζ ′(2)
]}
(88)
≈ M− Q
2
m
8pir
{
1+
α
3pi
[
ln
(
pi
BQ
)
+ γ +2− 6
pi2
ζ ′(2)
]}
. (89)
This result is valid for B≫ Ec, for which the value of ln(pi/BQ)+ γ +2− 6pi2 ζ ′(2) is negative.
As a result, Eq. (89) shows that the total magnetostatic energy in the presence of the vacuum
polarization is smaller than Q2m/8pir of the magnetically charged Reissner-Nordstro¨m black
hole. Similar to the weak-field case, this is again due to the paramagnetic effect of the vacuum
polarization that decreases the magnetostatic energy of black holes. In the strong magnetic field
case, the QED vacuum polarization effect is much larger than the result (78) in the weak-field
case, where the QED correction term in Eq. (78) is small for the smallness of α/(225pi) and
B2Q. This result (89) shows a significant QED effect of the vacuum polarization on the energy
of magnetically charged black holes in the strong magnetic field case.
Now we turn to the study of the black hole horizon radius and area in the strong magnetic
field case. Using the condition f (rH ) = 0, we obtain the horizon radii rH+ and rH− up to the
leading order of α ,
rH+ = GM+
√
G2M2− GQ
2
m
4pi
[
1+ α
3pi
KNR+
]
, (90)
rH− = GM−
√
G2M2− GQ
2
m
4pi
[
1+ α
3pi
KNR−
]
, (91)
where
KNR+ = ln
(
pi
BQ+
)
+ γ +2− 6
pi2
ζ ′(2), (92)
KNR− = ln
(
pi
BQ−
)
+ γ +2− 6
pi2
ζ ′(2). (93)
Equation (90) shows that the horizon radius rH+ increases in comparison with the magnetically
charged Reissner-Nordstro¨m one r+. This is again due to the paramagnetic effect of the vacuum
polarization that decreases the magnetostatic contribution to the total energy of black holes.
For the case of the extreme black hole (rH+ = rH− = rH ), we have
G2M2− GQ
2
m
4pi
[
1+ α
3pi
KNR
]
= 0, (94)
where
KNR = ln
(
pi
BQh
)
+ γ +2− 6
pi2
ζ ′(2). (95)
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As a result, we obtain
4pir2H = 4piG
2M2 = GQ2m
[
1+
α
3pi KNR
]
, (96)
rH ≈ Qm
[
1+
α
3pi KNR
]1/2
. (97)
Similar to the weak magnetic field case, the QED correction changes the condition of extremely
magnetically charged black holes with spherical symmetry from M = Qm/4pi to
M =
Qm
4pi
[
1+
α
3pi KNR
]1/2
. (98)
These results show that the horizon area and radius of the extreme black hole are the same as
their counterparts of the extremely magnetically charged Reissner-Nordstro¨m black hole, when
the black hole mass M is fixed. Whereas, the black hole magnetic charge Qm is fixed, Eqs. (96)
and (97) show that the black hole horizon area and radius become smaller than their counterparts
of extremely magnetically charged Reissner-Nordstro¨m black holes. We have discussed this
behavior in Eqs. (62)-(65) for the case of extremely electrically charged black holes.
Analogously, we obtain the Christodoulou-Ruffini mass formula in the strong-field case of
magnetically charged black holes,
M = Mir +
Q2
16piGMir
[
1+ α
3pi
KNR+
]
. (99)
It is straightforward to obtain irreducible mass Mir by substituting Eq. (90) into Eq. (66), and
the black hole entropy Sen by substituting Eq. (90) into Eq. (68). Analogous to the case of the
electrically charged black hole, the black hole irreducible mass Mir and entropy Sen in the strong
magnetic field case depend on the black hole horizon radius rH+ of Eqs. (90) and (96). Equation
(99) indicates that the maximal energy extractable from a magnetically charged black hole is
εex =
Q2m
8pirH+
[
1+
α
3pi KNR+
]
. (100)
The properties of the maximally extractable energy in the strong magnetic field case are similar
to those of the magnetically charged black hole in the weak magnetic field case. However, the
QED correction of the vacuum polarization effect to the energy of the magnetically charged
black hole in the strong magnetic field case is much more significant in comparison with that in
the weak magnetic field case.
6 Black holes with electric and magnetic charges
If the spherically symmetric (nonrotating) black hole is both electrically and magnetically
charged, electric and magnetic fields do not vanish. As shown in Eq. (11), both invariants
S and P contribute to the Euler-Heisenberg effective Lagrangian. The metric takes the same
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form as the metric of Eq. (49) for electrically charged black holes with spherical symmetry. In
this case, the tensor Fµν compatible with spherical symmetry can involve only a radial electric
field F01 = −F10 and a radial magnetic field F23 = −F32, and the gauge potential is (see, e.g.,
Ref. [68])
Aµ(x) = [A(r),0,0,Qm(1− cosθ)/4pi ]. (101)
In the Einstein-Maxwell theory, A(r) = −Q/(4pir), and the metric function f (r) of Eq. (49) is
given by (see, e.g., Ref. [68])
f (r) = 1− 2GM
r
+
GQ2
4pir2
+
GQ2m
4pir2
. (102)
In the Einstein-Euler-Heisenberg theory, we study the spherically symmetric black hole with
electric and magnetic charges in the weak-field case. Using Eq. (41), we derive the energy-
momentum tensor with a radial electric field E and a radial magnetic field B,
T µν = T µνM
[
1+
2α
45piE2c
(E2−B2)
]
+gµν
α
90piE2c
[
(E2−B2)2 +7(E ·B)2]+ · · · . (103)
Analogous to the analysis of electrically/magnetically charged black holes with spherical sym-
metry, we obtain the (0-0) component of Einstein equations,
2m′(r)
r2
= 4pi
[
E2(r)+B2(r)+
α
15pi E
4(r)/E2c −
α
45pi B
4(r)/E2c +
α
9piE2c
E2(r)B2(r)
]
. (104)
In addition, we obtain the field equations from Eq. (28) (see also Ref. [21]),
E(r)+
2α
45pi E
3(r)/E2c +
αB2
9piE2c
E(r) =
Q
4pir2
, (105)
B(r) =
Qm
4pir2
. (106)
Note that the mixing terms of the electric and magnetic fields in Eqs. (104) and (105) come
from the contribution of the invariant P. Introducing E(r)≡ E(r)/Ec, we have
E(r) = EQ− 2α45pi E
3
Q−
α
9pi B
2
QEQ + · · · , (107)
up to the first order of α . We substitute the solutions of (106) and (107) into the Einstein
equation (104) and obtain the mass-energy function
m(r) = M−
∫
∞
r
4pir2dr1
2
E2c
[
E2Q +B
2
Q−
α
45pi E
4
Q−
α
45pi B
4
Q−
α
9pi B
2
QE
2
Q
]
. (108)
Disregarding the QED correction of the Euler-Heisenberg effective Lagrangian, Eq. (108) gives
the solution m(r) =M−Q2/8pir−Q2m/8pir for the Reissner-Nordstro¨m black hole with electric
and magnetic charges. Performing the integration in Eq. (108), we approximately obtain
m(r) = M− Q
2
8pir
[
1− α
225pi E
2
Q
]
− Q
2
m
8pir
[
1− α
225pi B
2
Q
]
+
α
45pi
Q2m
8pir
E2Q. (109)
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In the limit Q≫Qm, Eq. (109) becomes Eq. (56) of the electrically charged black hole. On the
contrary, in the limit Qm ≫ Q, Eq. (109) becomes Eq. (78) of the magnetically charged black
hole. In order to study the effect of the P term in the Euler-Heisenberg effective Lagrangian, we
consider the case with large P and small S, i.e., Qm ≈ Q. In this situation, Eq. (109) becomes
m(r) = M− Q
2
8pir
[
2− 7α
225pi E
2
Q
]
, (110)
for Qm =Q, i.e., S = 0 and large P. Comparing to the cases of electrically/magnetically charged
black holes, the QED correction to the black hole energy becomes larger, which results from
the combination effects of the vacuum polarization on electric and magnetic charges of black
holes in the Einstein-Euler-Heisenberg theory.
In the same way that has been discussed in previous sections, up to the leading order of α ,
we obtain the horizon radii rH+ and rH− from Eq. (110),
rH+ = GM+
√
G2M2− GQ
2
4pi
[
2− 7α
225pi E
2
Q+
]
, (111)
rH− = GM−
√
G2M2− GQ
2
4pi
[
2− 7α
225pi E
2
Q−
]
, (112)
and the Christodoulou-Ruffini mass formula
M = Mir +
Q2
16piGMir
[
2− 7α
225pi E
2
Q+
]
, (113)
as well as the maximal energy extractable from a black hole
εex =
Q2
8pirH+
[
2− 7α
225pi E
2
Q+
]
. (114)
Analogously, we obtain the irreducible mass Mir by substituting Eq. (111) into Eq. (66), and
the black hole entropy Sen by substituting Eq. (111) into Eq. (68). The irreducible mass Mir, the
black hole entropy Sen, and the maximal energy extractable from a black hole receive the same
QED correction, but a factor of 7/2 larger, as compared with their counterparts in the case of
either electrically or magnetically charged black holes in the weak-field case.
7 Summary
In this article, in addition to the Maxwell Lagrangian, we consider the contribution from the
QED Euler-Heisenberg effective Lagrangian to formulate the Einstein-Euler-Heisenberg the-
ory. On the basis of this theory, we study the horizon radius, area, total energy, entropy, and
irreducible mass as well as the maximally extractable energy of spherically symmetric (non-
rotating) black holes with electric and magnetic charges. Our calculations are made up to the
leading order of the QED corrections in the limits of strong and weak fields. Our results show
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that the QED correction of the vacuum polarization results in the increase of the black hole
horizon area, entropy and irreducible mass, as well as the decrease of the black hole total en-
ergy and maximally extractable energy. The reason is that the QED vacuum polarization gives
rise to the screening effect on the black hole electric charge and the paramagnetic effect on the
black hole magnetic charge. The condition of the extremely charged black hole M = Q/4pi or
M = Qm/4pi is modified [ see Eqs. (65), (84), and (98)], which results from the screening and
paramagnetic effects.
To end this article, we would like to mention that in the Einstein-Euler-Heisenberg theory,
it is worthwhile to study Kerr-Newman black holes, whose electric field E and magnetic field
B are determined by the black hole mass M, charge Q, and angular momentum a [67]. In
addition, it will be interesting to study the QED corrections in black hole physics by taking into
account the one-loop photon-graviton amplitudes of the effective Lagrangian (34) [48] and its
generalizations [49–53]. We leave these studies for future work.
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